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Question 1 The model is:

yi = P14 Bz + Bawo +uy (1)

At each step, state any additional assumption you need to use:

(1.1) Derive the OLS estimators without using vectors/matrix notations.
(1.2) Show that OLS estimator is unbiased.

(1.3) Assume that,

n -1 n
B = <Z T + )\Ik> (Z szyz)
=1 i=1

Discuss the behaviour of this estimator B as sample size increases to a very large number
n — oo.

(1.4) Comment on the previous part. In particular, can you think of a case where B takes the form
above, and what would be the main purpose of such regression?

Question 2 Consider the regression model:
y = XbBo+u

where y is Tx 1, X is T'x k and rank(X) = k, 3y is the k x 1 parameter vector, and u ~ N (Or, 03 I)
where 03 is unknown but a positive constant.

(2.1) Using this result, propose a decision rule to test:
Ho : Rﬂo =T
Hy : RBo#r

where R and r are respectively a ¢ X k matrix and a ¢ x 1 vector of constants. Define the test-
statistic associated with this hypothesis testing in terms of R, r, etc. What would constitute
a Type I error in this context and what is the probability of a Type I error associated with
your decision rule?

(2.2) Define the p-value of the test in previous part.

Question 3 The model is:

Y = PBo+ B X1+ BoXoi+uy

for i =1,..., N and we wish to test the null hypothesis: Hy : 81 = f3 = 0.

(3.1) What is the alternative hypothesis? Re-write the regression model, and the null hypothesis
in terms of notations used in the lecture (R, 7, etc.), indicating the size of each variable.
Using the null hypothesis, what are the numerical values for elements in R, r, etc.

(3.2) What is the test statistic and its distribution when the variance of the error term is unknown?

(3.3) Represent elementqT|in (X'X)~! = {¢;}. What is [R(X'X)~'R']~* in terms of c;), elements?

(3.4) What is the test-statistic in terms of ¢;; elements?

(3.5) Suppose the test conclusion is to reject the null, comment on this conclusion.

(3.6) Suppose the test conclusion is to fail-to-reject the null, comment on this conclusion.

Jun

e.g. (il °12 ) depending on the size of (X'X)~!
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Question 4 Consider the probability density function, f(x;0) = Ae~**. Find the MLE of A and
its variance (assuming that the sample is i.i.d.).

Question 5 Consider a simple linear regression model with non-stochastic regressors and i =
1,...,n:
yi = a+fritu (2)
u; ~ id.d N(0,0%) (3)
(5.1) Define the ML estimator for o and .

(5.2) Clearly stating any assumption you need, derive the ML estimators for a and .
(5.3) Is this estimator BLUE?
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ANSWERS

Problem 1

(1.1)

Yi = P14 Boxii + Bawoi +uy

The objective function is RSS =,y u? and the first order conditions (foc) are:

8RSS/661 ’ﬁ:ﬁ = =2 Z (yz 61 + BQxlz + 631'21])
iEN

6RSS/852’ﬁ:E = _2lez (yz 51 +521‘11 +ﬁ3x21])
iEN

8RSS/333|[,:3 = -2 Z T2 (yz — By + oy + B3$2i])
1€EN

where B = (31, 32, Eg)’ . Setting the foc’s equal to zero determines the following linear system
which determines solution to the OLS problem:

0 = -2 Z (yz 51 + Bowyi + 533721]) (4)
iEN

0 = -2 Z X1 (yi — B + Paz1i + 333321‘}) (5)
iEN

0 = -2 Z T2, (y’L 81+ 52$1z + 53@1}) (6)
ieEN

The first equations gives:

Zyz’ = Zgl + Zgﬂu + Zgﬂm

iEN iEN iEN ieN
= Np1+ E Z1; + B3 E T2
iEN iEN

Dividing throughout by N and defining 71 = ;. y 21;/N and Ty = ),y z2:/N yields:
El =Y - 3251 - 3352
which together with equations and @ gives:

0 = > wuyi— w1V - Baty — BsTa) + Bo > ot + Bs > wriwai (7)

iEN iEN iEN iEN
0 = > woi— Y 20i(Y = BoZly — BsTa) + B2 Y waswni + B »_ a3, (8)
iEN iEN iEN iEN

Re-arranging gives:

3 — cov(zy,y) var(ze) — cov(xa,y) cov(zy, x2)
var(zy) var(zg) — [cov(za, x1)]?

~  cov(xa,y)var(zy) — cov(za,y) cov(xy, x2)
-

var(zy) var(zg) — [cov(xy, x2)]?

There is another intuitive way to approach this question. To start, we need to know that the
regression line goes through the sample mean (T1, T2, 7). This is easy to verify, by substituting
values for (T1,T2,7) into any regression line and show that it satisfies the equality. This is a
helpful lemma because we can now run the following regression:

Ui = PoZii+ Ba3%2 + us

where Z1; = 1, — T1, To; = xo; — T2 and §; = y; — 7. In fact, instead of regressing y; on an



Data Science & Machine Learning in Finance, Hormoz Ramian, Spring 2025— Problem Set 2

(1.2

intercept, x1 and xq, we regress y; — § on x1; — T1 and x9; — T (with no intercept) which
is to say, we de-mean the data (subtract average values of each variable) before running the
regression. As a result, this regression goes through the origin, and has no intercept which
helps us to reduce one parameter from the model and solve the foc system only for two
parameters. This transformation leaves the slope parameters intact:

ORSS[0Bs|5_5 = —2 > (ZZ + Baiin; + 535321‘)
iEN
6RSS/863’ﬂ:E = -2 Z T (Z?z + Bty + 335?21‘)
iEN
Re-arrange:
0 = Z F1i0i + B Z i1+ Bs Z T14T2;
ieN ieN iEN
0 = Z Toi¥; + Ba Z FoiF1; + P Z i3
ieN iEN iEN
Re-arrange:
0 = cov(i, i)+ Bavar(dy) + B3 cov(Fy, &2)
0 = cov(Za,7) + Ba cov(Za, 31) + Bs var(Zs)
Re-write in terms of 32:
By = —(cov(@1,§) + Bscov(F1, &)/ var(i)
B2 = —(cov(Za2,q) + P3var(Zsa))/ cov(Za, &1)
Equate the right hand sides:
cov(Z1,9) + 33 cov(Zy,Z2)  cov(Zo,§) + 33 var(Zy)
var(Z;) B cov (T2, Z1)
Therefore:
cov(Za, 1) cov(Zy,q) + 33 [cov(Za,21)]> = var(#i)cov(i,§) + 33 var (1) var(Zz)
Therefore:
B _ var(Z2) cov(Z1,§) — cov(Z1, T2) cov(Zz, )
> var(Za) var(zy) — [cov(Za, Z1)]?
3 var (1) cov(Za, ) — cov(Za, &1) cov(Zy, §)
3 =

var(Zy) var(Zz) — [cov(Zz, T1)]?
which are the slope estimators. We need to complete one more step, which is to find the

original regression 1ntercept However, once we have 62 and 53 then we can use them to
uncover the intercept: ﬂl Y - ngl 63552

) We use the population model §; = Bo@1; + B3%2; + u; together with the following:

~ var(Zs) cov(Z1,§) — cov(Z1, To) cov(Za, 7)
Ef — v(Z1,3) 2) cov(
var(Za) var(zy) — [cov(Za, Z1)]
~ var (1) cov(Ze, §) — cov(Za, &1) cov(Z1, )
EBs =

var(Z,) var(Zz) — [cov(Z2, Z1)]?
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(1.3)

Noting that by (strict) exogeneity assumption cov(Z;,u) = 0 and cov(Za,u) = 0 then:
var(Za) cov(Z1, BaZy + PsZa + u) — cov(Zy, T2) cov(Za, Bod1 + P3Za + u)
var(Zs) var(z1) — [cov(Za, T1)]?

52 V&I‘(fi’g) V&I‘(.’fl) + 53 V&I‘(.’fg) COV(.’El, (Z’g) — 52 [COV(‘%l, (fQ)]Q — ﬁg COV((fl, .’32) Vaf(fz)

EB;, =

var(Zg) var(f1) — [cov(Za, T1)]?
Bo{var(Zz) var(Z1) — [cov(Zy,T2)]?} + B3{var(Zs) cov(Zy, T2) — cov(Ty,To) var(Za)}
var(Zq) var(Z1) — [cov(Za, 71)]?

= p2

The similar derivation holds for IEBd = f3.
Assuming the y = X3+ e where y (n x 1) and X (n x k) and the property that E(x;e;) = 0.
The ridge regression estimator:

n -1 n
B = <Z T + >\Ik> (Z wi?/i)
i=1 i=1

Find probability limit of 3 as n — oo

n -1 n
B = (Z ;T + )\Ik> (Z wz%)
i=1 =1
n -1 n
i=1 i=1

n -1 n n -1 n
= (Z T, T + )\Ik> Z x;xi3 + < T, T + )\Ik> Z e
i=1 i=1 1 i=1

i=

1
Dividing and multiplying by — yields:
n

1 -1

. 1 n , 1 1 n , 1 n , 1 1 n

B = (ngmiwi—kn)\lk.) (nExsz B8+ <n;wiwi+n/\1k ﬁ;mie
A1 1L ;1 -1 = 1 n / = 1 .

Let Quoy = (230wl + 20 ) , Q. = 30 xi@; and Q,, = ~ > | w;e. First,

because E(z;e;) = 0, we can show that:

Qe 70

therefore, we can simplify the following as:
-1
_ I, 1 I~
g = ﬁzximi+ﬁ)\1k gzxﬂ’z B+0
i=1 =1
In the first term, we can show that asymptotically %)\I r disappears and we have:
-1
I, 1 - 1
,Zmiwi—i—ﬁ/\Ik — Q_, because E)\Ik — 0 as n — oo
n
i=1

Re-writing the expression for B\ yields,
3P -1
= B
which shows that the ridge regression estimator is a consistent estimator for 3. Intuitively,
this result holds since the impact of particular form of constraint on the regression model,
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becomes less important as the sample size increases. Adding the term A is particularly
important when the sample size is small which enables the inverse form to be well-conditioned.

(1.4) The main reason to introduce this additional term is that the inverse form (% S wlw;) -
only exists if (% S wlw;) is positive-definite and full rank. However, even if we have a
full rank matrix, still this may be ill-conditioned, indicating that the number observations
are very close to the number of explanatory variables. In this case the usual OLS estimator
is poorly estimated. In particular, confidence intervals are very large and estimates largely
depend on individual observation perturbation. The ridge regression estimator overcomes
this issue via introducing the additional term. As we see in the derivations above the impact
fades as sample size increases.

Question 2

(2.1) The test-statistic is:

(RB —r)[R(X'X)'R" (RB — 1)
qo?

when the variance term in the denominator is unknow then 5% = SSE/(T — k) and B =

(X'X)~1 X'y and the decision rule is: Reject Hy : RBg = r at 100a% significance level if,

F-statistic = F =

F > critical-value[Fy r_, (1 — a)] (9)

where Fy 7_1(1 — ) is the 100(1 — a)th percentile of the F' distribution with ¢ and T' — k
degrees of freedom. A Type I error occurs if F > critical-value[Fy 7—x(1 — «)] but Hy is
true, that is, we reject Ry = r when it actually holds, given the confidence level 1 — . The
probability of type I error is .

(2.2) The associated probability 1 — F, 7_j(F-statistic) is the p-value: tail area under the distri-
bution defined by the test statistic.

Question 3

(3.1) Ha : B1 # 0or fa # 0. The alternative should include all possible cases that are complement

to the null.
Y = X8 + u
Nx1 Nx33x1 Nx1
Hol Rﬂ = T

2x3 3x1 2x1

[O ; O] go lol

1 =
0 0 1 0
B2

(3.2) With two linear restrictions, the statistic F, compares to:

(RB -~ r)[R(X'X)"'R] " (RB ~ 1)
F = 57 ~ Iy N 3(l—a)

2When o2 is known, we use the Wald-statistic: W = (RB — r)/[R(X'X)" R/|=Y(RB — r)/(qo?) ~ X2. The
2

distribution changes to Xg because the only random variable is the quadratic form of B When ¢ is unknown, we

need to estimate it and we have an additional x2-distributed random variable in the denominator 2 instead of o2.
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(3.3)

(3.4)

(3.6)

C11 Ci2 (13 !
01 0 01 0
R(XIX)—IR/ _ l ‘| Co1 Coy  Co3 [ ] _ lc22 C23‘|
c c
C31 C32 (33 52 2

(R(X'X)’lR’)_1 = 1[033 _032] _ 1[%3 —023]

2
C22C33 — C23C32 | —C23 C22 C22C33 — C53 | —C23 C22

where in the last part, we use the symmetry property of (X' X)~! to simply c32 = ca3

F {(ﬂ%63)I[R(X/X)_1RI]_1(62’ﬁS)} /2 322053 - 23233023 + 33%022 F 1
B 52 B 252 (conc33 — €33) 2v-3(l =)
The rejection region, is the interval under distribution F5 y_3(1 — o) tail such that the area

under the curve is equal to «, pinning down a specific critical value c. The test conclusion is
to reject the null if statistic F is greater than the critical value:

F-statistic > ¢

Or, to alternatively say that p-value(F-statistic) < .. The test rejects the joint hypothesis in
the null, at 5% significance level: parameters of interest are simultaneously distinguishable
from zero.

There is inadequate evidence to reject the null: when testing both parameters, we are unable
to statistically distinguish at least one of them from zero, at the 5% significance level.

Question 4 The likelihood function £(A;z), under the independence assumption, is:

‘C(AVI) = f($1,$27...,IT;>\)

= flz;\) X f(; A%, X f(ams)) = Hf(xi;)\)

Taking logs gives the log-likelihood function £(\; x):

T T
() = log[[ fl@isA) = D log flais )
=1 =1

T T T
D loghe™ = D logA— Y A
i=1 =1 1=1

T
= TlogA—A)

i=1

Taking derivative with respect to the parameter give:

T
= = - E xT;
A=Az AvL o

O(X\; x)

0= =%

giving the ML estimator,

A
Avr = (Tz;%) (10)

To derive the asymptotic variance, we form the second derivative of the log-likelihood function with

respect to A to obtain the hessian. Then the Fisher’s information, its large sample counterpart
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and asymptotic variance of the ML estimator are:

T
H == _F
T
1 .. T 1
7 = T hmp = 2
~ 1
AsyVar(\) = 7 = A2

Question 5

(5.1)

We wish to maximize the joint density of random variables given the parameters, which under
independence, simplifies to the following product:

= mafo yi; 0 (11)

The ML estimator §M 1, or for short 9 is:

0 = argmax/”(6) (12)
6co

where © C R? is the two-dimensional parameter space, where each parameter belongs to the
real line. Moreover, since logarithmic transformation is a monotonic transformation, which
retains the parameter estimates unchanged, we can re-write the previous equation as:

0 = argmax/”(6)
6co

= argmax{(0) (13)
6co

The probability density function for Normal distribution is:

SECE o;; ') 1)

1
ex
V2ro?

0 = argmaXH
6co i,

—a— fr;)? }
ar%érg)ax < 271-02) I[l exp { 2 (15)

= argmax —— log(27rcr + Z log (exp {—;W}) (16)

g
=) —

Because § log(27) in the first term is a constant and can be separated from the rest of the
objective function, we can drop it from the optimization. In other words, % log(27) is only a
constant shift and in inconsequential to the value of 6:

~ n 1 &
0 = argmax——1I s —710 — —a— Bx;)? 17
gmax— 3 logt20) — G log(o”) — 5.5 3 os — = ) (1)

Furthermore, since the question has give the true value of 02, we do not estimate it and as
a result the objective function reduces to:

~ n R 9
= —— - C— o — By 1
0 arg max }/mg@{) 53 i§:1<yz a— Bx;) (18)

1< )
= argmax—p—; ;(yl —a— px;) (19)

6co

Differentiating with respect to each parameter gives the first order conditions, or the score
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functions:
00(0) 1 0«
P |, = 20752’
6=6 i=1
00() 10 )
— = ——— i — o — Bx;

n

0 = ) (yi—a- Ba;) (20)

i=1
0 = Z-Ti(yi_a_gxi) (21)
i=1
Solving the system above gives:
a = y-pz (22)
5 - Zin@ D)~ 7) (23)

Yoy (@i —7)?
The estimates are identical to those from the OLS.
We start by differentiating the objective function twice, or differentiating the first order
conditions once, with respect to the parameter to construct the hessian matrix H(0) =
020(0)/06000'":
H(0) 0%0(0)/0a%  0%(0)/0adp
0%0(0)/0B80a  0%4(0)/0>
n 1 n
-z 52 2.i=1%i
= o g i 24
[_012 1T oz 21_195121 24
The information matrix I(0) is defined as I(0) = —E (H) which can be simplified to I(0) =
—H under non-stochastic regressors assumption. Therefore,
1) = -E(H)
— - o7 Di1 Ti
DT D D
S 1 % D1 T
2Rl Xl

Q

then:

- S = 0x

n o2
!
where Qx = XnX

variance matrix of the MLE coincides with the asymptotic covariance matrix of the OLS

and we have Z-1(0) = O'QQ;(I. We conclude that the asymptotic co-

estimators (The correlation between parameters is only equal to zero iff > I, x; = 0). The

-~

ML estimators obtained in equations and || 0= (a,B)" are identical to those of the
OLS estimation and therefore unbiased E@ = 0 also note that expressing the estimator as an
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average:

Y@ =)y —7)
2?11(%‘ —7)? n Z?:1(5Ci —7)?

(25)

noting that

n

1

— E ;Ui ﬁ) 0
n -

=1

%inui 4, N(0,0°Qus)
i=1

_ . 1 n 2 .. . .
where 0z, = plim-- > i 7 because, under i.i.d. assumption:

1 n
var [ﬁ .

(z; — x)ull = %Var [Z(xl — x)uz] Lid. % , var((z; — T)u;)

i=1

Il
S
[\v]
N
S|
(7=
—~
&8
I
5]
S~—
[\
~_—
—~~
()
=
S~—

re-arranging equation gives:
1 & T
Vn(B-p) = ( ‘ (zi — $)2> 7n Z(ﬂfz‘ - T)u (27)

now taking limit of the random variable \/5(3 — /), as the sample size goes to infinity
lim,, o0 v/1(B — ) yields the following aymptotic results:

VaB -8 & N(0,I7) (28)

first, we use normal distribution by assuming the Central Limit Theorem as the estimator can
be constructed as an average (under some regularity conditions, mainly finite variance, the
averages converge in distribution to a normal distribution), second, using the unbiasedness
property, the limiting distribution is centered at zero, and third the asymptotic variance is
determined by the results in equation . repeating for @, and collecting both parameter

ing=[o 5}' then,
00 (29)
and then,
Vn@-90) % NO,I7Y (30)

shows asymptotic normality of the ML estimator.
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